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Abstract. We calculate the standard model predictions for top quark pair production and decay into six
fermions at a linear e+e− collider. We include the factorizable electroweak O(α) corrections in the pole ap-
proximation and QED corrections due to the initial state radiation in the structure function approach. The
effects of the radiative corrections on the predictions are illustrated by showing numerical results for two
selected six-fermion reactions e+e−→ bνµµ+b̄µ−ν̄µ and e+e−→ bνµµ+b̄dū.

1 Introduction

Precise measurements of top quark pair production

e+e−→ tt̄ (1)

at the threshold and in the continuum region will belong to
the basic physics program of the future international lin-
ear collider (ILC) [1]. In order to fully profit from these
high precision measurements, one has to bring theoretical
predictions to at least the same, or preferably better, pre-
cision, which obviously requires taking into account radia-
tive corrections. The latter should be calculated not only
for the on-shell production process (1). Due to their large
widths, the t-quark and t̄-quark of reactions (1) almost im-
mediately decay into bW+ and b̄W−, respectively, and the
W -bosons subsequently decay into two fermions each, thus
constituting six-fermion reactions of the form

e+e−→ bf1f̄ ′1b̄f2f̄
′
2 , (2)

where f1, f
′
2 = νe, νµ, ντ , u, c and f

′
1, f2 = e

−, µ−, τ−, d, s.
Typical lowest order Feynman diagrams of reaction (2) are
shown in Fig. 1.
As decays of the top and antitop take place before to-

ponium resonances can form, the standard model (SM)
predictions for reaction (1) can be obtained with the per-
turbative method. The QCD predictions for reaction (1)
in the threshold region were obtained in [2] and then im-
proved by calculation of the next-to-next-to-leading order
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QCD corrections [3], and by including the effects of initial
state radiation and beamstrahlung [4]. The O(ααs) [5–7]
and O(αα2s) [8] corrections to the subsequent top decay
into a W boson and a b quark are also known. In the
continuum above the threshold, the QCD predictions for
reaction (1) are known to the order of α2s [9] and the elec-
troweak (EW) corrections to one-loop order [10–12], in-
cluding the hard bremsstrahlung corrections [11, 13]. The
QCD and EW corrections are large, typically of O (10%).
The orders αs [15] and α

2
s QCD, and EW corrections have

been combined in [16]. Quite recently, the EW radiative
corrections to (1) have been recalculated with the program
TOPFIT [11, 12] and thoroughly compared with results
of other calculations, with hard bremsstrahlung [17] and
without it [18]. Finally, the radiative corrections toW de-
cays into fermion pairs, which also must be taken into ac-
count, are also known [19–21].
At tree level, reactions (2) can be studied with a Monte

Carlo (MC) program eett6f [22, 23] or with any other
MC program dedicated to the six fermion reactions,
such as SIXPHACT [24], SIXFAP [25], LUSIFER [26], or
any of multi-purpose generators, such as AMEGIC [27],
GRACE [28]/BASES [29], MADGRAPH [30]/MADEV-
ENT [31], PHEGAS [32]/HELAC [33], orWHIZARD [34]/
COMPHEP [35], MADGRAPH [30], or O’MEGA [36].
Thorough comparison of the lowest order predictions for
several different channels of (2) obtainedwithAMEGIC++,
eett6f, LUSIFER, PHEGAS, SIXFAP and WHIZARD
have been performed within the framework of the Monte
Carlo generators group of the ECFA/DESYworkshop [37].
A survey of SM cross sections of all six fermion reactions
with up to four quarks in the limit of massless fermions
(other than the top quark), has been done in [26]. The
latter also contains a fine tuned comparison of both the
lowest order and lowest order plus ISR results, obtained in
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Fig. 1. Examples of Feynman diagrams of reaction (2): a ‘signal’, b and c ‘background’ diagrams

the structure function approach, between LUSIFER and
WHIZARD.
Concerning radiative corrections to the six-fermion re-

actions (2), the situation is less advanced. Already at the
tree level, any of the reactions receives contributions from
typically several hundred Feynman diagrams, e.g. in the
unitary gauge, with neglect of the Higgs boson couplings
to fermions lighter than the b quark, reactions e+e−→
bνµµ

+b̄dū, e+e−→ bνµµ+b̄µ−ν̄µ, and e+e−→ bud̄b̄dū re-
ceive contributions from 264, 452, and 1484 Feynman dia-
grams, respectively. Hence, the calculation of the full O(α)
radiative corrections to any of reactions (2) seems not to
be feasible at present. Therefore, in the present note we
will take a step towards improving precision of the low-
est order predictions for (2) by including leading radiative
effects, such as initial state radiation (ISR) and factoriz-
able EW radiative corrections to the process of the on-shell
top quark pair production (1), to the decay of the t (t̄ )
into bW+ (b̄W−) and to the subsequent decays of the W -
bosons. We will illustrate an effect of these corrections by
showing numerical results for the two selected six-fermion
reactions

e+e−→ bνµµ
+b̄µ−ν̄µ (3)

and

e+e−→ bνµµ
+b̄dū . (4)

2 Calculation scheme

We calculate the ISR and the factorizable SM corrections
for the reaction

e+(p1, σ1)e
−(p2, σ2)→ b(p3, σ3)f1(p4, σ4)f̄ ′1(p5, σ5)

× b̄(p6, σ6)f2(p7, σ7)f̄ ′2(p8, σ8) , (5)

where the particle momenta and helicities have been in-
dicated in the parentheses, according to the following
formula:

dσ =

∫ 1
0

dx1

∫ 1
0

dx2 Γ
LL
ee

(
x1, Q

2
)
ΓLLee

(
x2, Q

2
)

dσBorn+FEWC (x1p1, x2p2) , (6)

where x1p1 (x2p2) are the four momenta of the positron
(electron) after emission of a collinear photon. The struc-

ture function ΓLLee
(
x,Q2

)
is given by (67) of [38], with the

‘BETA’ choice for non-leading terms. The splitting scale
Q2, which is not fixed in the LL approximation is chosen
to be s= (p1+p2)

2. By dσBorn+FEWC we denote the cross
section including the factorizable EW O(α) corrections

dσBorn+FEWC

=
1

2s

{
|MBorn|

2
+2Re

(
M∗
tt̄
δMtt̄,FEW

)}
dΦ6f , (7)

where MBorn is the matrix element of reaction (5) ob-
tained with the complete set of the lowest order Feyn-
man diagrams, Mtt̄ and δMtt̄,FEW are, respectively, the
lowest order amplitude of the ‘signal’ Feynman diagram
of Fig. 1a and the corresponding factorizable EW O(α)
correction, both in the pole approximation. The overlines
in (7) denote, as usual, an initial state particle spin average
and a sum over final state particle polarizations, and dΦ6f
is the Lorentz invariant six-particle phase space element.
The basic phase space parameterizations used in the pro-
gram are given by (7)–(9) of [22]. The corrections that we
take into account in δMtt̄,FEW are illustrated diagrammat-
ically in Fig. 2.
In the pole approximation, the polarized lowest order

amplitudeMtt̄ and the one-loop correction δMtt̄,FEW of (7)
can be expressed analytically as follows:

Mσ1σ2;σ3...σ8
tt̄

=
1

Dt (p345)Dt (p678)

×
∑
σt,σt̄

M
σ1σ2;σtσt̄
e+e−→tt̄

M
σt;σ3σ4σ5
t→bf1f

′
1
M
σt̄;σ6σ7σ8
t̄→b̄f2f

′
2

(8)

δMσ1σ2;σ3...σ8
tt̄

=
1

Dt (p345)Dt (p678)

×
∑
σt,σt̄

[
δM

σ1σ2σt,σt̄
e+e−→tt̄

Mσt;σ3σ4σ5
t→bf1f

′
1
M
σt̄;σ6σ7σ8
t̄→b̄f2f

′
2

+M
σ1σ2;σtσt̄
e+e−→tt̄

δM
σtσ3σ4σ5
t→bf1f

′
1
M
σt̄;σ6σ7σ8
t̄→b̄f2f

′
2

+M
σ1σ2;σtσt̄
e+e−→tt̄

M
σt;σ3σ4σ5
t→bf1f

′
1
δM

σt̄;σ6σ7σ8
t̄→b̄f2f

′
2

]
, (9)

where the lowest order t and t̄ decay amplitudes and the
corresponding one-loop corrections read

Mσtσ3σ4σ5
t→bf1f

′
1
=

1

DW (p45)

∑
λ
W+

M
σtσ3λW+

t→bW+
M
λ
W+

σ4σ5

W+→f1f
′
1
, (10)
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Fig. 2. Factorizable EW corrections to reaction (2)

M
σt̄σ6σ7σ8
t̄→b̄f2f

′
2
=

1

DW (p78)

∑
λ
W−

M
σt̄σ6λW−

t̄→b̄W−
M
λ
W−σ7σ8

W−→f2f
′
2
, (11)

δM
σtσ3σ4σ5
t→bf1f

′
1
=

1

DW (p45)∑
λ
W+

[
δM

σtσ3λW+

t→bW+
M
λ
W+

σ4σ5

W+→f1f
′
1
+M

σtσ3λW+

t→bW+
δM

λ
W+

σ4σ5

W+→f1f
′
1

]
,

(12)

δM
σt̄σ6σ7σ8
t̄→b̄f2f

′
2
=

1

DW (p78)∑
λ
W−

[
δM

σt̄σ6λW−

t̄→b̄W−
M
λ
W−σ7σ8

W−→f2f
′
2
+M

σt̄σ6λW−

t̄→b̄W−
δM

λ
W−σ7σ8

W−→f2f
′
2

]
.

(13)

In (8)–(13), σt, σt̄ and λW+ , λW− denote polarizations
of the intermediate top quarks and W bosons, which are
treated as on-shell particles, except for that they keep their
actual off-shell momenta

p345 = p3+p4+p5 , p678 = p6+p7+p8 ,

p78 = p7+p8 , p45 = p4+p5 (14)

in the denominators Dt (p) and DW (p) of their propaga-
tors

Dt (p) = p
2−m2t + imtΓt ,

DW (p) = p
2−m2W + imWΓW . (15)

The fixed widths Γt and ΓW of (15) are calculated in the
program for a given set of initial parameters. They are set
to their SM lowest order values, Γ

(0)
t and Γ

(0)
W , for the Born

cross sections, or they include radiative corrections of the
same kind as those included in the numerators of (9), (12)
and (13) for the radiatively corrected cross sections.

While explaining further the notation of (8)–(13) we
will suppress the polarization indices. Me+e−→tt̄ and
δMe+e−→tt̄ are the lowest order and the EW one-loop
amplitudes of the on-shell top quark pair production pro-
cess (1). They can be decomposed into a basis composed of
the following invariant amplitudes

M1, ab = v̄(p1) γ
µ ga u(p2) ū(kt)γµ gb v(kt̄) , ga, gb = 1l, γ5 ,

M3,11 =−v̄(p1) k/t u(p2) ū(kt)v(kt̄) ,

M3,51 =−v̄(p1) k/t γ5u(p2) ū(kt)v(kt̄) . (16)

The projected four momenta kt, kt̄ of the on-shell top-
and antitop quark of (16), as well as the four momenta
kW+ , kW− of the on-shellW -bosons and the four momenta
k3, . . . , k8 of the decay fermions, which are used later, have
been obtained from the four momenta of the final state
fermions p3, . . . , p8 of reaction (2) with the projection pro-
cedure described in Appendix A.
In terms of invariant amplitudes (16), the lowest order

amplitude of (1) reads

Me+e−→tt̄ =
∑
a,b=1,5

F ab1B M1,ab , (17)

where the four Born form factors Fab1B are given by

F111B =
e2W (χZvevt+QeQt)

s
, F511B =−

e2WχZvtae

s
,

F151B =−
e2WχZveat

s
, F551B =

e2WχZaeat

s
. (18)

In (18), eW is the effective electric charge, eW =
√
4παW ,

with

αW =

√
2Gµm

2
W sin

2 θW

π
and sin2 θW = 1−

m2W
m2Z
. (19)
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The Z-boson propagator is contained in the factor

χZ =
1

4 sin2 θW cos2 θW

s

s−m2Z+ imZΓZ
, (20)

and we have used the following conventions for couplings of
the electron and top quark to a photon and a Z-boson

Qe =−1, Qt =
2

3
, ae =−at =−

1

2
,

vf = af
(
1−4 |Qf | sin

2 θW
)
, f = e, t . (21)

We have introduced a constant Z-boson width ΓZ in (20),
in a similar way as Γt and ΓW have been introduced in (15),
although the Z-boson propagator in the e+e− annihilation
channel never becomes resonant in the CMS energy range
above the tt̄-pair production threshold. Generally speak-
ing, the constant width Γ of an unstable particle is intro-
duced into the lowest order matrix elements by replacing
its mass with the complex mass parameter

m2→m2− imΓ (22)

in the corresponding propagator, both in the s-channel and
t-channel, while keeping the electroweak mixing parame-
ter sin2 θW of (19) real. This approach is usually referred
to in the literature as the fixed width scheme (FWS). The
approach, in which m2W and m

2
Z are replaced with their

complex counterparts according to (22), also in sin2 θW
of (19) is, on the other hand, referred to as the complex
mass scheme [39]. The latter has the advantage that it pre-
serves Ward identities. Let us note that in (8)–(13), sub-
stitution (22) is done only in the denominators of the top
quark and W -boson propagators and not in the one-loop
amplitudes. Also the sums over the top quark and W -
boson polarizations result in the numerators of the corres-
ponding propagators with real masses. However, this does
not violate the substitution rule of (22), as the amplitudes
of (8)–(13) constitute the factorizable one-loop correction
term in (7).
The EW one-loop amplitude of (1) reads

δMe+e−→tt̄ =
∑
a,b=1,5

F̂ ab1 M1,ab+ F̂
11
3 M3,11+ F̂

51
3 M3,51 ,

(23)

with the six independent form factors: F̂ ab1 , a, b= 1, 5, F̂
11
3

and F̂ 513 , which are calculated numerically with the pro-
gram topfit [11, 12] that is tailored to a subroutine of
a new version of eett6f. Note that a factor i has been
omitted on the left-hand side of (16) compared to [11].
Keeping it would result in an extra minus sign on the right-
hand sides of (8) and (9), as we neglect the i factor in
every vertex and propagator and, consequently, the result-
ing common +i factor for every Feynman diagram in the
present work. The flags in topfit switch off all photonic
corrections there, including the running of the electromag-
netic coupling. This means that only the genuine weak
corrections will contribute.
In order to fix normalization, we give the formula for

the EW one-loop corrected cross section dσe+e−→tt̄ of the

on-shell top production (1)

dσe+e−→tt̄ =
1

2s

×
{
|Me+e−→tt̄|

2
+2Re

(
M∗e+e−→tt̄δMe+e−→tt̄

)}
dΦ2f ,

(24)

where the matrix elements Me+e−→tt̄ and δMe+e−→tt̄ are
given by (17) and (23), and dΦ2f is the Lorentz invariant
two-particle phase space element

dΦ2f =
|pt|

4
√
s
dΩt , (25)

with pt being the momentum and Ωt the solid angle of the
t-quark.
The t-quark and t̄-quark decay amplitudes Mt→bW+

andMt̄→b̄W− , and the corresponding one-loop corrections
δMt→bW+ and δMt̄→b̄W− can be decomposed in terms of
the invariant amplitudes

M(σ)
t,1 = ū(k3) � ε(kW+)Pσu(kt) ,

M(σ)
t̄,1 = v̄(kt̄) � ε(kW−)Pσv(k6) ,

M(σ)
t,2 = kt · ε(kW+)ū(k3)Pσu(kt) .

M
(σ)
t̄,2 =−kt̄ · ε(kW−)v̄(kt̄)Pσv(k6) . (26)

where Pσ = (1+σγ5)/2 and σ =±1 are the chirality pro-
jectors and we have used real polarization vectors for W
bosons. The decomposition reads

Mt→bW+ = gWffM
(−)
t,1 ,

Mt̄→b̄W− = gWffM
(−)
t̄,1 ,

δMt→bW+ = gWff
∑
i=1,2

σ=±1

F
(σ)
t,i M

(σ)
t,i ,

δMt̄→b̄W− = gWff
∑
i=1,2

σ=±1

F
(σ)
t̄,i
M(σ)
t̄,i
. (27)

In (27), gWff is the SM W boson coupling to fermions
which, similarly to the Born form factors of (18), is defined
in terms of the effective electric charge eW

gWff =−
eW√
2 sin θW

, (28)

F
(σ)
t,i and F

(σ)
t̄,i
are the EW one-loop form factors of the top

quark and antitop quark decay, respectively. The form fac-
tors F

(σ)
t,i are calculated numerically with a newly written

dedicated subroutine that reproduces the results of [6, 7].
The one-loop form factors of the antitop decay are then
obtained assuming CP conservation which lead to the fol-
lowing relations

F
(σ)
t̄,1 = F

(σ)∗

t,1 , F
(σ)
t̄,2 = F

(−σ)∗

t,2 . (29)
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Note that the imaginary parts of the form factors do not
contribute at the one-loop order.
Similarly the W+-boson and W−-boson decay ampli-

tudesMW+→f1f̄ ′1 andMW−→f2f̄ ′2 , and the corresponding
one-loop corrections δMW+→f1f̄ ′1 and δMW−→f2f̄ ′2 are
given by

MW+→f1f̄ ′1 = gWffM
(−)
W+,1

,

MW−→f2f̄ ′2 = gWffM
(−)
W̄−,1

,

δMW+→f1f̄ ′1 = gWff
∑
i=1,2

σ=±1

F
(σ)

W+,i
M(σ)

W+,i
,

δMW−→f2f̄ ′2 = gWff
∑
i=1,2

σ=±1

F
(σ)

W−,i
M(σ)

W−,i
, (30)

with the invariant amplitudes

M(σ)

W+,1
= ū(k4) � ε(kW+)Pσv(k5) ,

M(σ)

W−,1
= ū(k7) � ε(kW−)Pσv(k8) ,

M(σ)

W+,2
= k4 · ε(kW+)ū(k4)Pσv(k5) .

M(σ)

W−,2
=−k8 · ε(kW−)ū(k7)P±v(k8) (31)

and the EW one-loop form factors of the W -boson de-
cays F

(σ)

W±,i
being calculated numerically, this time with

a new subroutine that reproduces the results of [7, 21] for
the EW corrected W -boson width. Again, the imaginary
parts of the form factors do not contribute at the one-loop
order.
The calculation of the EW factorizable corrections to

reaction (2) in the pole approximation makes sense only if
the invariant masses

m345 =

√
(p3+p4+p5)

2
, m678 =

√
(p6+p7+p8)

2

(32)

of bf1f̄ ′1 and b̄f2f̄
′
2 are close tomt, and if

m45 =

√
(p4+p5)

2
, m78 =

√
(p7+p8)

2
(33)

of f1f̄ ′1 and f2f̄
′
2 do not depart too much from mW . Oth-

erwise, the signal diagrams of Fig. 1a stop to dominate
the cross section and the association of the reduced phase
space point, at which the EW factorizable O(α) correc-
tions depicted in Fig. 2 are calculated, with the phase space
point of the full six particle phase space of (2) may lead
to unnecessary distortion of the off-resonance background
contributions. Therefore, in the following, we will impose
kinematical cuts on the quantities

δt =m345/mt−1 , δt̄ =m678/mt−1 ,

δW+ =m45/mW −1 , δW− =m78/mW −1 , (34)

which describe the relative departures of the invariant
masses of (32) and (33) frommt andmW , respectively.

3 Numerical results

In this section, we will illustrate the effect of the factoriz-
able EW O(α) corrections described in Sect. 2 on the SM
predictions for six fermion reactions relevant for detection
of the top quark pair production and decay at the ILC (2)
by showing results for total cross sections of its two specific
channels (3) and (4).
We choose the Z boson mass, Fermi coupling and fine

structure constant in the Thomson limit as the EW SM
input parameters

mZ = 91.1876GeV , Gµ = 1.16637×10
−5GeV−2 ,

α0 = 1/137.0359895 . (35)

The external fermion masses of reaction (3) and the top
quark mass are the following:

me = 0.51099907MeV , mµ = 105.658389MeV ,

mb = 4.7 GeV , mt = 178GeV . (36)

For definiteness, we give also values of the other fermion
masses

mτ = 1.77705GeV , mu = 75MeV , md = 75MeV ,

ms = 250MeV , mc = 1.5 GeV (37)

and the value of a strong coupling αs(m
2
Z) = 0.117.

Assuming a value of the Higgs bosonmass, theW boson
mass and the Z boson width are determined with ZFIT-
TER [40], while the SM Higgs boson width is calculated
with HDECAY [41].We obtain the following values of these
parameters formH = 120GeV:

mW = 80.38509GeV , ΓZ = 2.495270GeV ,

ΓH = 3.2780MeV . (38)

The actual values of the Z and Higgs boson widths are
not very relevant in the context of the top quark pair
production, as they enter the calculation through the off-
resonance background contributions. The EW corrected
top quark and W boson widths, which on the other hand
play an essential role for the calculation, are calculated
with a newly written dedicated subroutine that reproduces
the results of [7, 21]. We obtain the following values for
them for the parameters specified in (35)–(37)

ΓW = 2.03777GeV , Γt = 1.67432GeV . (39)

We have neglected the QCD correction to the widths ΓW
and Γt, as no QCD corrections have been included in the
one-loop corrections to the tt̄-pair production process. The
EW corrected widths of (39) are used in the calculation of
the cross sections that include the EW factorizable correc-
tions. For the calculation of the lowest order cross sections
of (3) and (4), the corresponding lowest order SM values of
the top quark andW -boson widths are used.
Results for the total cross sections of reactions (3)

and (4) at three different centre of mass (CMS) ener-
gies in the presence of the following cuts on quantities
δt, δt̄, δW+ , δW− , defined in (34),



362 K. Ko�lodziej et al.: EW corrections for top pair production and decay

δt < 0.1, δt̄ < 0.1, δW+ < 0.1, δW− < 0.1 , (40)

are shown in Table 1. The second column shows the Born
cross section calculated with the complete set of the low-
est order Feynman diagrams. The third column shows the
Born ‘signal’ cross section, i.e. the cross section obtained
with the two lowest order signal diagrams of Fig. 1a only.
We see that imposing the invariant mass cuts (40) effi-
ciently reduces the off-resonance background, which be-
comes quite sizeable if the cuts are not imposed [23, 42].
The fourth and fifth columns show the cross sections in-
cluding the ISR and factorizable EW corrections sepa-
rately and the sixth column shows the results including
both the ISR and EW factorizable corrections. Note that
the cross sections of (4) are almost exactly three times
larger than the cross sections of (3), in agreement with the
naive counting of the colour degrees of freedom. This is
because the neutral current off-resonance background con-

Table 1. Total cross sections of reactions (3) and (4) in fb at three different CMS energies in
the presence of cuts (40). The numbers in parenthesis show the uncertainty of the last decimals

e+e−→ bνµµ
+b̄µ−ν̄µ

√
s (GeV) σBorn σt

∗t̄∗

Born σBorn+ISR σBorn+FEWC σBorn+ISR+FEWC

430 5.9117(54) 5.8642(45) 5.2919(91) 5.6884(55) 5.0978(53)
500 5.3094(50) 5.2849(43) 5.0997(51) 4.9909(49) 4.8085(48)
1000 1.6387(16) 1.6369(15) 1.8320(18) 1.4243(14) 1.6110(16)

e+e−→ bνµµ
+b̄dū

√
s (GeV) σBorn σt

∗t̄∗

Born σBorn+ISR σBorn+FEWC σBorn+ISR+FEWC

430 17.727(16) 17.592(13) 15.857(20) 17.052(16) 15.283(16)
500 15.950(15) 15.855(13) 15.311(15) 14.977(16) 14.438(14)
1000 4.9134(48) 4.9106(46) 5.4949(55) 4.2697(40) 4.8287(47)

Fig. 3. Total cross sections of (4) including different classes of the SM radiative corrections (left) and corresponding relative
corrections (41) (right) as functions of the CMS energy

tributions that make reaction (3) differ from (4) are almost
completely suppressed in the presence of cuts (40).
How the radiative corrections for the six fermion reac-

tions (2) depend on the CMS energy is illustrated in Fig. 3,
where, on the left-hand side, we plot the total cross sections
of reaction (4) as a function of the CMS energy, both in
the lowest order and including different classes of correc-
tions. The dashed-dotted line shows the Born cross section,
the dotted line is the cross section including the ISR cor-
rection, the dashed line shows the effect of the factorizable
EW correction, while the solid line shows the effect of the
combined ISR and factorizable EW corrections. The plots
on the right-hand side of Fig. 3 show the corresponding
relative corrections

δcor. =
σBorn+cor.−σBorn

σBorn
, cor. = FEW, ISR, ISR+FEW.

(41)
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The dashed line shows the relative factorizable EW cor-
rection. The correction is small and positive, a few GeV
above the tt̄-pair production threshold, but already about
20 GeV above the threshold it becomes negative and it
falls down logarithmically towardsmore and more negative
values, due to the large logarithmic terms∼

[
ln
(
m2W /s

) ]2
and ∼ ln

(
m2W/s

)
, reaching 20% at

√
s = 2TeV. The dot-

ted line shows the relative ISR correction, which on the
other hand, is dominated by the large collinear logarithms[
ln
(
s/m2e

) ]2
and ln

(
s/m2e

)
. It starts from about−25% at

energies close to the threshold and grows to almost +25%
at
√
s = 2TeV. Finally, the solid line shows the combined

ISR and factorizable EW correction. The net relative cor-
rection is dominated by the ISR: it is large and negative for
energies not far above the threshold and it becomes posi-
tive at high energies, reaching 1.4% at

√
s= 2TeV.

4 Summary and outlook

We have calculated the SM predictions for top quark pair
production and decay into six fermions at a linear e+e−

collider. We have included the factorizable EW O(α) cor-
rections in the pole approximation and QED corrections
due to the initial state radiation in the structure func-
tion approach into SM predictions for the top quark pair
production and decay into six fermions at ILC. We have
illustrated the effect of the radiative corrections on the
predictions by showing numerical results for two selected
six-fermion reactions (3) and (4). The ISR and factoriz-
able EW radiative corrections are sizeable and, therefore,
should be included in the analysis of future precision data
on the top quark pair production and decay from ILC.
In order to obtain a complete EW next-to-leading order

result for the six fermion reactions (2) in the pole approx-
imation, one should include the nonfactorizable virtual
photonic corrections corresponding to an exchange of a vir-
tual photon between the electrically charged lines of the
signal diagrams of Fig. 1a, which have not been included
in the shaded blobs of Fig. 2. For example, the exchange
of a photon between the initial state electron and any of
the final state fermions or intermediate W bosons, or be-
tween the b and t̄ quarks, or its decay products, should be
taken into account. This would allow for inclusion of the
real photon emission from the external legs in an exclusive
way. Taking into account the QCD corrections would also
be highly desirable.
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Appendix : Projection of momenta

In this appendix, we describe the projection procedure
used in order to associate each phase space point of the full

six-particle phase space of reaction (2) with a point of the
reduced phase space of the on-shell top pair production (1)
and subsequent decay. The on-shell momenta kt and kt̄ of
the t-quark and t̄-antiquark, kW± of the decayW

±-bosons,
and ki, i= 3, . . . , 8, of the decay fermions of reaction (2)
are constructed from the four momenta pi, i = 3, ..., 8, of
the final state fermions of reaction (2) with the following
projection procedure.
First, the on-shell four momenta of t and t̄ in the CMS

are found in the following way

|kt|=
λ
1
2
(
s,m2t ,m

2
t

)
2s
1
2

, kt = |kt|
p3+p4+p5
|p3+p4+p5|

,

k0t =
(
k2t +m

2
t

) 1
2 , kt̄ =−kt, k

0
t̄ =
√
s−k0t .

(A.1)

Then the four momenta p3, p4 and p5 (p6, p7 and p8) are

boosted to the rest frame of the bf1f̄ ′1 (b̄f2f̄
′
2) subsystem

of reaction (2), where they are denoted p′3, p
′
4 and p

′
5 (p

′
6,

p′7 and p
′
8). The projected four momenta k

′
3 of b (k

′
6 of b̄) is

determined in the rest frame of bf1f̄ ′1 (b̄f2f̄
′
2) according to

|k′i|=
λ
1
2
(
m2t ,m

2
i ,m

2
W

)
2mt

, k′i = |k
′
i|
p′i
|p′i|

,

k′
0
i =
(
k′
2
i +m

2
i

) 1
2
, i= 3, 6 , (A.2)

which means that the directions of the b and b̄momenta are
kept unchanged while their lengths are being altered.
The four momenta p′4 and p

′
5 (p

′
7 and p

′
8) are further

boosted to the rest frame of f1f̄ ′1 (f2f̄
′
2), where they are de-

noted p′′4 and p
′′
5 (p

′′
7 and p

′′
8). The projected four momenta

k′′4 and k
′′
5 of f1 and f̄

′
1 (k

′′
7 and k

′′
8 of f2 and f̄

′
2) are in this

frame determined according to

|k′4|=
λ
1
2
(
m2W ,m

2
4,m

2
5

)
2mW

, |k′7|=
λ
1
2
(
m2W ,m

2
7,m

2
8

)
2mW

,

k′′i = |k
′′
i|
p′′i
|p′′i|

, i= 4, 7,

k′′5 =−k
′′
4 , k

′′
8 =−k

′′
7 ,

k′′
0
j =
(
k′′
2
j +m

2
j

) 1
2
, j = 4, 5, 7, 8 . (A.3)

This again means that the directions of momenta of f1, f̄ ′1,
f2 and f̄ ′2 are kept unchanged while their lengths are being
altered.
The four momenta k′′4 and k

′′
5 (k

′′
7 and k

′′
8 ) are now

boosted to the rest frame of the on-shell t (t̄) and, finally,
k′3, k

′
4 and k

′
5 (k

′
6, k

′
7 and k

′
8) are boosted from the t (t̄)

rest frame to the CMS giving the desired projected four
momenta ki, i= 3, . . . , 8. As one can easily see from (A.1)–
(A.3), the projected momenta, except for satisfying the
necessary on-shell relations k2i =m

2
i , i= 3, . . . , 8, also ful-

fill other required on-shell relations

(k3+k4+k5)
2 = (k6+k7+k8)

2 =m2t ,

(k4+k5)
2
= (k7+k8)

2
=m2W . (A.4)
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Table 2. A comparison of two randomly selected sets of the four momenta pi,
i= 3, . . . , 8, p3+p4+p5, p6+p7+p8 , p4+p5, p7+p8 and their projections ki, i= 3,
..., 8, kt, kt̄ , kW+ , kW− , respectively. Quantities δt =m345/mt−1, δt̄ =m678/mt−1,
δW+ =m45/mW −1 and δW− =m78/mW −1 describe relative departures of the cor-
responding final state particle subsystems from a mass-shell of t, t̄, W+ and W−,
respectively

δt = 0.03%, δt̄ = 0.19%, δt = 0.06%, δt̄ = 0.17%,
GeV δW+ = 0.26%, δW− = 0.85% δW+ = 0.78%, δW− = 3.23%

p3 154.0 141.4 –28.1 53.8 116.5 89.3 13.1 73.6
k3 153.8 141.3 –28.0 53.8 116.9 89.6 13.1 73.8
p4 22.9 –15.1 –7.7 –15.4 117.6 92.8 –20.6 –69.3
k4 22.9 –15.0 –7.8 –15.4 117.4 92.5 –20.6 –69.2
p5 73.1 24.6 35.7 58.8 16.0 –3.2 7.5 13.8
k5 73.3 24.8 35.8 59.0 15.7 –3.3 7.5 13.5
p6 64.5 –10.0 57.5 –27.0 109.8 –78.5 –12.1 –75.7
k6 64.0 –10.0 57.1 –26.9 108.1 –77.2 –11.9 –74.6
p7 112.1 –109.2 –20.7 –15.1 106.1 –95.4 33.7 32.0
k7 112.4 –109.5 –20.4 –15.1 107.8 –97.2 34.5 31.4
p8 73.5 –31.7 –36.8 –55.1 33.9 –4.9 –21.6 25.7
k8 73.6 –31.5 –36.7 –55.5 34.1 –4.4 –22.6 25.1
p3+p4+p5 249.9 150.9 0.0 97.3 250.1 178.9 0.0 18.0
kt 250.0 151.0 0.0 97.4 250.0 178.8 0.0 18.0
p6+p7+p8 250.1 –150.9 0.0 –97.3 249.9 –178.9 0.0 –18.0
kt̄ 250.0 –151.0 0.0 –97.4 250.0 –178.8 0.0 –18.0
p4+p5 95.9 9.5 28.1 43.5 133.6 89.6 –13.1 –55.5
kW+ 96.2 9.8 28.0 43.6 133.1 89.2 –13.1 –55.8
p7+p8 185.6 –140.9 –57.5 –70.3 140.0 –100.4 12.1 57.7
kW− 186.0 –141.0 –57.1 –70.5 141.9 –101.6 11.9 56.6

The described projection procedure is not unique. More-
over, it strongly depends on the departures (34) of invari-
ant massesm345,m678 of (32) frommt, and of the invariant
massesm45,m78 of (33) frommW . How it works in practice
is illustrated in Table 2, where two randomly selected sets
of four momenta pi, i = 3, . . . 8, p3+p4+p5, p6+p7+p8,
p4+p5, p7+p8, and their projections ki, i= 3, ..., 8, kt, kt̄,
kW+ , kW− , respectively, are compared. Momenta pi have
been generated according to the Breit–Wigner distribution
in such a way that the invariant masses of the bf1f̄ ′1, b̄f2f̄

′
2,

f1f̄ ′1 and f2f̄
′
2 subsystems of reaction (2) fall into the vicin-

ity of the masses of the corresponding primary on-shell
particles: t-quark, t̄-antiquark,W+-boson andW−-boson,
respectively.
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newald, K. Mönig, S. Riemann, T. Riemann, hep-ph/
0507146, submitted to Comp. Phys. Commun.; see also
http://www-zeuthen.desy.de/theory/research/zfitter

41. A. Djouadi, J. Kalinowski, M. Spira, Comput. Phys. Com-
mun. 108, 56 (1998)

42. K. Ko�lodziej, Acta Phys. Pol. B 34, 4511 (2003)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


